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Abstract

Throughout this work, we will consider the optimal stopping problem for when we hold the right
in an American call option.

At first we will assume that the asset’s price on which we have the call option is modelled by the
known processes Brownian Motion and Geometric Brownian Motion.

Later on, we generalize these processes with the inclusion of discontinuities called jumps, which
will be modelled with a Poisson process.

We will see that the Hamilton-Jacobi-Bellman (HJB) equation related to these last processes
cannot be solved analytically, and therefore, we will resort to numerical analysis to study how the
two new parameters, the size of the jump and the frequency with which they happen, affect the
optimal exercising value for the asset, as well as the time for exercising the option.

Keywords Optimal stopping problem, Hamilton-Jacobi-Bellman equations, Jump processes, Real
Options

1 Introduction

The focus of this work is to derive and characterize an optimal time to exercise an American call
option. This problem is modelled as an optimal stopping problem, whose definition we present in the
following section.

Usually, in the literature, the models considered for the dynamics of the price of the asset on which
we hold the option follow a process with continuous sample path. However, in this work, we relax this
assumption, and introduce the possibility of jumps.

Several events have happened in recent times that motivate the idea to consider jumps in the price
process. An example of such event is the crash in Samsung’s stock value. In 19 August 2016, trying to
compete with Apple for market share, Samsung officially released ahead of time its new model Galaxy
Note 7. Not a month after, on 2 September, Samsung suspended all sales of the Galaxy Note 7 and
announced an informal recall, after it was found that a manufacturing defect in the phones’ batteries had
caused some of them to generate excessive heat, resulting in fire. This unlikely event lead to Samsung’s
stock value drastically drop.

This kind of uncertainty will be studied throughout this thesis, by introducing discontinuities in the
way the assets values are being modelled.

2 Optimal Stopping Problem

Let (Ω,F ,P) be a probability space, equipped with filtration {Ft} and a 1-dimensional {Ft}-Standard
Brownian Motion process {W (t) : t ≥ 0}. Starting from state x ∈ R at time t ≥ 0 the state process
{X(t) : t ≥ 0} with state space S ∈ R evolves according to the stochastically differential equation

dX(t) = µ(X(t))dt+ σ(X(t))dW (t) (1)

where µ and σ are functions such that µ : R 7→ R, σ : R 7→ R.
For g : R → R+ and h : R → R+ continuous functions, S the set of all {Ft}-stopping times, and

r ∈ R+, we define the following functional J : (R,S)→ R as

J(x, τ) = E
[ ∫ τ

0

e−rsg(X(s))ds+ e−rτh(X(τ))1{τ<∞}
∣∣X(0) = x

]
(2)
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Furthermore, we define
V (x) = sup

τ∈S
J(x, τ) (3)

Finding τ∗ in such a way that J(x, τ∗) = V (x) is called an optimal stopping time.
We can reduce the optimal stopping problem to a differential equation. We do this by using the

dynamic programming principle to obtain the following equation:

max{−rV (x) + LV (x) + g(x), h(x)− V (x)} = 0, x ∈ R (4)

called the Hamilton-Jacobi-Bellman(HJB) equation.
The term Lf(x) = f ′(x)µ(x)+ 1

2f
′′(x)σ2(x) is the specific infinitesimal generator for the process given

by 1.
Throughout this work, we will consider an American call option, and we want to derive the optimal

time to exercise the option. Therefore, if X denotes the price of the underlying stock, a the strike price
and r the interest rate, we want to derive a stopping rule that maximizes

E[e−rτ (X(τ)− a)] (5)

We are considering g(x) = 0 and h(x) = x− a in equation 2.

2.1 Standard Brownian Motion

To present the usual path when solving this type of problem, we start by having the price following
a Standard Brownian Motion, i.e., dXt = dWt with X(0) = x > 0. We define continuation region as
the set of values for which we hold the option. For this process and the following, we will assume the
continuation region is of the form C = {x ∈ (0,∞) : x < x∗} for some x∗. This means that as soon as the
price reaches a certain threshold value x∗, we are not longer in the continuation region, and we should
exercise the option.

We have that for this process, the HJB equation is given by:

max{−rV (x) +
1

2
V ′′(x), x− a− V (x)} = 0, x ∈ R (6)

In order to solve the optimal stopping problem, we have first to find the solution to 6. Since the state
space is split into two regions, the continuation region and the stopping region, the value function is also
split into two. If we exercise the option, then we have that our pay-off is simply x− a, and so we choose

V (x) = x− a for x > x∗ and the right hand side of the HJB is zero. With V (x) = C1e
−
√
2rx + C2e

√
2rx

the left hand side of 6 is zero but we are left to determine C1 and C2. This is done through the use of
the Verification Theorem, found in (6).

Proposition 1. The solution of 3 when X follows a Standard Brownian Motion is given by:

V (x) =

{
C1e

−
√
2rx + C2e

√
2rx, x < x∗

x− a, x ≥ x∗
(7)

with C1 = 0 and C2 = e−a
√

2r−1
√
2r

, and x∗ = 1/
√

2r + a.

2.2 Brownian Motion

We assume that the process {Xt, t ≥ 0} follows a Brownian Motion, i.e, it evolves according to
dXt = µdt+σdWt, with σ > 0 and µ > 0. With g = 0 and h(x) = x−a, the corresponding HJB equation
is given by

max{−rV (x) + µV ′(x) +
σ2

2
V ′′(x), h(x)− V (x)} = 0, x ∈ R (8)

To solve the HJB equation, we once again have that V (x) = x − a for x > x∗. We use the V (x) =

C1e
β1x + C2e

β2x, with β1 and β2 solutions to equation g(β) = σ2

2 β
2 + µβ − r = 0, being β1 =

−µ−
√
µ2+2rσ2

σ2 < 0

β2 =
−µ+
√
µ2+2rσ2

σ2 > 0
(9)

In order to find C1 and C2 we must use the Verification Theorem.
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Proposition 2. The solution of 3 when X follows a Brownian Motion is given by

V (x) =

{
eβ(x−a)−1

β , x < x∗

x− a, x ≥ x∗
(10)

where x∗ = 1/β + a and β =
−µ+
√
µ2+2rσ2

σ2 .

Proof. See ?).

With the introduction of new parameters on the way the price is modelled, it’s important to know
how these affect the threshold value x∗. The limit results for x∗ are as follows:

Proposition 3. The stock exercise price, x∗, changes with parameters as follows:

1. Decreases with r (and thus if r increases, the call option is exercised earlier). However, lim
r→+∞

x∗ = a

lim
r→0

x∗ = +∞
(11)

2. Increases with µ (and thus, if the drift of the process increases, the option is exercised latter)
Moreover, 

lim
µ→+∞

x∗ = +∞

lim
µ→0

x∗ = σ√
2r

+ a
(12)

3. Increases with σ (and therefore in case the uncertainty about the stock prices increases, the exercise
decision is postponed) and  lim

σ→+∞
x∗ =∞

lim
σ→0

x∗ = a
(13)

2.3 Geometric Brownian Motion

Now we consider a Geometric Brownian motion, with known volatility σ > 0, and known drift µ
satisfying 0 < µ < r. Therefore, the stock price X = {X(t) : t ≥ 0} evolves according to the following
stochastic differential equation:

dX(t) = µX(t)dt+ σX(t)dW (t) (14)

The Geometric Brownian Motion is, due to its characteristic, the only one from the processes talked until
now, used to model real life prices. One difference from the previous processes is that its value is always
positive, which is important since real life assets will never have negative value. Our HJB for this process
will be given by:

max{−rV (x) + µxV ′(x) +
1

2
σ2x2V ′′(x), h(x)− V (x)} = 0, x ∈ R (15)

The solution to the left hand side of the HJB equation is given by V (x) = C1x
β1 + C2x

β2 , with β1 =
−2µ+σ2−

√
8rσ2+(σ2−2µ)2
2σ2 < 0

β2 =
−2µ+σ2+

√
8rσ2+(σ2−2µ)2
2σ2 > 1

(16)

Using the Verification Theorem we can determine all the parameters that define the value function v.
This can be summarised in the following proposition:

Proposition 4. The solution of 3 when X follows 14 is given by

V (x) =

{
(x∗ − a)(x/x∗)β , x < x∗

x− a, x ≥ x∗
(17)

where x∗ = (aβ)/(β − 1) and β =
−2µ+σ2+

√
8rσ2+(σ2−2µ)2
2σ2 .
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It’s important to know how the parameters µ and σ affect the threshold value x∗. The limit results
are:

Proposition 5. The stock price exercise, x∗, changes with parameters as follows:

1. Decreases with r (and thus if r increases, the American option is exercised earlier). However,
lim

r→+∞
x∗ = a

lim
r→µ

x∗ = +∞
(18)

2. Increases with µ (and thus, if the drift of the process increases, the option is exercised latter)
Moreover, 

lim
µ→r

x∗ = +∞

lim
µ→0

x∗ = a((σ+
√
8r+σ2)/(2σ))

((σ+
√
8r+σ2)/(2σ))−1

(19)

3. The limit results for the volatility parameter σ are as follows: lim
σ→+∞

x∗ = +∞

lim
σ→0

x∗ = ar
r−µ

(20)

3 Jump Diffusions

We will work with processes called jump-diffusion processes, which are defined as follows:

Definition 3.1. A jump-diffusion process is a process of the kind:

dX(t) = µ(X(t))dt+ σ(X(t))dW (t) + u(X(t))dN(t) (21)

where {N(t) : t ≥ 0} is a Poisson process with rate λ, and {W (t) : t ≥ 0} is a Standard Brownian Motion
respectively, and u : R 7→ R a function that determines the size of the jumps.

3.1 Jump Brownian Motion

In this section, we start by assuming that the process {X(t), t ≥ 0} follows a Brownian Motion with
constant jump sizes, i.e, it evolves according to

dX(t) = µdt+ σdW (t) + udN(t), X(0) = x > 0 (22)

with σ, µ, λ > 0 and u < 0.
The difference from the previous continuous processes when solving the problem is that the infinitesi-

mal generator is now given by Lf(x) =
[
µ(x)−λu(x)

]
∂f
∂x (x)+ σ2(x)

2
∂2f
∂x2 (x)+λ(f(x+u(x))−f(x)), which

means the HJB equation for this process will be given by:

max{(−r − λ)V (x) + (µ− λu)V ′(x) +
σ2

2
V ′′(x) + λV (x+ u), h(x)− V (x)} = 0, x ∈ R (23)

Outside the continuation region, the value function is still given by V (x) = x − a, and we can see that
with function V0(x) = Ceβx, the left hand side of the HJB equation is zero, as long as β satisfies the
following equation

(−r − λ) + (µ− λu)β +
σ2

2
β2 + λeβu = 0 (24)

Although the above equation cannot be solved analytically, it can be proven that it has one and only one
positive solution, and it will be used to define the value function in the continuation region. This result
can be summarised as:

Proposition 6. The solution of 3 when X follows 22 is given by

V (x) =

{
eβ2(x−a)−1

β2
x < x∗

x− a, x ≥ x∗
(25)

with x∗ = 1/β2 + a and β2 is the positive root of

(−r − λ) + (µ− λu)β +
σ2

2
β2 + λeβu = 0 (26)
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3.2 Jump Geometric Brownian Motion

We go back to the Geometric Brownian Motion process and as we did with the Brownian motion,
introduce discontinuities at random times. The process we will use is the solution of the following
stochastic differential equation:

dX(t) = µX(t)dt+ σX(t)dW (t) + uX(t)dN(t), X(0) = x > 0. (27)

with σ, µ > 0 and −1 < u < 0. The constant u defines the size of the jump, hence the term uX(t) in the
previous stochastic differential equation. This equation has solution given by

X(t) = xe(µ−
σ2

2 −uλ)t+σW (t)(1 + u)N(t). (28)

The infinitesimal generator of this new process X is given by

Lf(x) = (µ− λu)xf ′(x) +
σ2x2

2
f ′′(x) + λ[f(x+ xu)− f(x)] (29)

We set the left hand part of our HJB equation to zero, as follows

[−r − λ]V (x) + (µ− λu)xV ′(x) +
σ2x2

2
V ′′(x) + λV (x+ xu) = 0, x < x∗ (30)

If we use function V0(x) = Cxβ , then we see that the left hand side of the HJB equation is zero, as long
as β is solution of the equation

σ2

2
β2 + (µ− λu− σ2

2
)β + (−r − λ) + λ(1 + u)β = 0 (31)

We can only solve this equation numerically, but we can prove that it has only one positive solution,
which we will use to define the value function V . We summarise this in the following proposition:

Proposition 7. The solution of 3 when X follows 27 is given by

V (x) =

{
(x∗ − a)(x/x∗)β2 , 0 < x < x∗

x− a, x ≥ x∗
(32)

where x∗ = aβ2/(β − 1) and β is the positive root of

σ2

2
β2 + (µ− λu− σ2

2
)β + (−r − λ) + λ(1 + u)β (33)

4 First Passage Times

The threshold value for our optimal stopping problem only tells us at what value is optimal to exercise
our option, but we have no information on the time it takes to reach such state. With X(t) denoting
the price of the asset at time t, we define the first passage time τm = min{t ≥ 0;X(t) ≥ m}, i.e, the
(random) time at which the process reaches level m (assuming x0 < m).

If the process X follows one of the processes without jumps, then we can find the distribution for the
first passage time. For example, when X(t) follows a Brownian Motion., i.e., X(t) = αt+W (t), we define
M(t) = max

0≤s≤t
X(s). Note that P (Mt ≥ x) = P (τx ≤ t).

We have that for m > 0, P (M(t) ≤ m) = φ

(
m−αt√

t

)
− e2αmφ

(
−m−αt√

t

)
.

For when the process X follows a Geometric Brownian Motion, we can relate this to the case for the
Brownian Motion in the following way

τm = min{t ≥ 0;X(t) ≥ m}

= min{t ≥ 0;x0e
(µ−σ22 )t+σW (t) ≥ m}

= min{t ≥ 0;
(µ− σ2

2 )

σ
t+W (t) ≥

ln m
x0

σ
}

(34)

We can relate the Geometric Brownian Motion with the Brownian motion, taking µGBM =
(µ−σ22 )

σ t,

σGBM = 1 and mGBM =
log m

x0

σ .
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4.1 Numerical Analysis

The introduction of jumps makes study of the first passage time impossible to do numerically. Here
we would like to see how the new parameters affect the mean time for exercising the option, that is, τx∗ ,
when the price follows a Jump Geometric Brownian Motion. Since we can not analytically solve equation
31, we have to numerically study this.

We will use a process with the following parameters: µ = 0.001, σ = 0.001, λ0 = 0.001, u0 = 0.05
and initial value X0 = 100. We also fix the values r = 0.01 and a = 120. For this particular choice of
parameters, the numerical solution of equation 31 is β = 9.83256, which leads to the value of x∗ = 133.586.
We intend to use different values for λ and u and study how x∗ and τx∗ behaves. We will do this by first
fixing λ0 = 0.001 and changing u by a multiplier of 1 to 19, meaning u will go from u = u0 = 0.05 to
u = u0 ∗ 19 = 0.95. We then fix the parameter u, and let λ change with the same multipliers, meaning it
will go from λ = λ0 = 0.001 to λ = λ0 ∗ 19 = 0.019. For each of these cases, we simulate 20 000 sample
paths for the corresponding process, and record the threshold value x∗, the mean and standard deviation
of the first passage time τx∗ , as well as the number of sample paths that reach the value x∗. Figure 1
shows how the mean value for τx∗ is changing in the above cases. We denote the dashed line the values
for which the λ is fixed and u increasing, and the straight line the one where u is fixed. In figure 1, we see
an abrupt drop in the mean value of τx∗ . The reason to this is that with the increase of the jump size,
less and less sample paths are reaching the target value x∗ and with a large value for u, there exists a lot
of variance for τx∗ . Since u is the size the jump, and λ corresponds to the frequency, the value u ∗ λ can
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Figure 1: Impact of λ and u on τx∗
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Figure 2: Impact of λ and u on x∗

be though as the average change per unit of time. In fact, let us look at equation 28. Here we see that
what differs from the standard Geometric Brownian motion is the term (1 + u)N(t). This is the jump
part of the process. If we take expectation on this term we have

E
[
(1 + u)N(t)

]
= E

[
elog(1+u)∗N(t)

]
= euλt (35)

Now lets us do the same approach as before but with one difference. Instead of letting one of the
parameters fixed while changing the other, we will instead fix the value u ∗ λ = u0 ∗ λ0 = 0.00005. We
will first increase the parameter λ with the same multipliers, meaning it will go from λ = λ0 = 0.001 to
λ = λ0 ∗ 19 = 0.019, but since u ∗ λ is fixed, the parameter u will be decreasing by factors of 1 to 19 at
the same time.

We then proceed to do the same but with u increasing and λ decreasing. For each pair of values u and
λ, we simulate 20 000 sample paths for the corresponding process, and record the value x∗, the mean for
the value τx∗ , as well as the standard deviation, and the number of paths that reach the corresponding
threshold value x∗. This way, we can have an idea of which of these parameters has a bigger influence on
the threshold value x∗ and so, on the first passage time τx∗ .

Figure 3 shows how the mean for τx∗ is changing for each case, and we see that, even though the u∗λ
is fixed and λ is decreasing, increasing the size of the jumps has a great impact on the average time the
process reaches x∗. We can see in 4, that threshold value x∗ is increasing with u at a faster rate than with
λ, and this could be the reason for the difference in the mean of τx∗ . Even though we can not quantify
the changes in terms of u and λ, we are able to say that, it’s more beneficial if the price of the asset is
subject to small changes but more frequently, then very abrupt jumps in price even though they might
occur less often.
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5 Conclusion and Future Work

In this last section, we have the main conclusions we’ve obtained from working on this subject, and
discuss some of the problems encountered.

The idea to generalize processes with the introduction of jumps in order to solve the optimal stopping
problem presented in Chapter 2, revealed to be not as simple and as elegant as one expected. When
following the same guidelines learned from dealing with the continuous processes, the first problem
encountered was that we were not able to find an expression for the value function V when the jump was
of a positive size. That was bypassed by limiting our work to negative jumps only.

But the main problem was that even though we were able to find the expression for the value function
V for both processes, we couldn’t solve the equations that we needed to fully determine the value function.
This meant that, the goal to study the optimal exercising value and optimal exercising time wouldn’t be
possible to do in an analytical way.

We decided to shift to a numerical analysis. Although we were able to see the impact of the new
parameters on the exercising value and time, due to hardware limitations we were not able to make the
same study with a higher number of simulations, which would have given us a more reputable conclusion.

Finally, not knowing if it is possible to do so, we would like to encourage the study of this problem
with positive jumps, since the limitation to negative jumps is an unrealistic constraint.
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